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PLAN OF THE TALK

1. Cosmic structure formation by gravitational instability

2. The Zeldovich approximation and the adhesion model

3. Scaling in random fractals

4. The MareNostrum cosmological simulation

5. Multifractal analysis of dark matter and gas

6. Detailed comparison of dark matter and gas distributions

7. Conclusions.
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Scale invariance of structure formation

� Initial conditions for structure formation (after recombination) are

not scale invariant, but . . .

� No scales in the gravitational dynamics + nonlinearity ! fractal

attractor.

� Thus, no memory of initial conditions, unlike usual approaches.

Analogy with dynamical critical phenomena.
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The Zeldovich approximation

� Newtonian equations of motion in comoving coordinates (peculiar

velocity u = a _x = v � H r ):

du
dt

+ H u = g; g = gT � gb; gb = _H r + H 2r :

� Initial conditions: no initial peculiar velocities. r � g = 0 )

vorticity is not generated

� Zeldovich approx: prolong into de nonlinear regime the linear

solution x (t; x 0) = x 0 + b(t) g(x 0):

� := b(t) ) free motion with velocity g(x 0)

� Singularities when lines cross ! caustics.
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The adhesion model

� Caustics unstable, unless particles there adhere to each other !

viscosity.

� Burgers equation (compressible turbulence):

deu
d�

=
@eu
@�

+ eu � r eu = � r 2eu; � ! 0;

r � eu = 0:

Stabilization of caustics (pancakes, �laments, clusters) .

� Random initial conditions ! self-similar distribution of caustics:

“cosmic web” ! multifractal features (Vergassola et al '94, Aurell

et al '97).
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Simulations

Burgers eq. with random initial

conditions

MareNostrum universe slice

(DM)
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Scaling in fractals

Self-similar fractals

� Cluster hierarchy

� Power-law mass / LD , with

D = 2 log 2=log 3 = 1:26

Cantor set (2d)
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Scaling in random fractals

M (r ) / r D ! Number function N (r ) / r D )

�( r ) = 1
4�r 2

dN (r )
dr / r D� 3

Power-law 2-point correlator:

� (r ) �
� r 0

r

� 

, h �%L

2i �
� r 0

L

� 


where 
 = 3 � D; and r0 marks the

transition to homogeneity.

Note clusters and voids
Random fractal with

D = 0:8.
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MULTIFRACTALS

� Inhomogeneous mass distribution

+ scale invariance ) multifractal

� Mass concentrations with local

dimension � (x ):

m[B(x ; r )] � r � (x )

� � < 3 singular power-law pro�le

! DM halos

� � > 3 ! mass depletions !

voids

Random multifractal
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Multifractal spectrum

� Every set of singularities with strength � is a fractal with dimension

f (� ) (MF spectrum). It is a convex curve.

� Monofractal: only one � . Therefore, f (� ) = �

� In every multifractal there is one � such that f (� ) = � ! mass

concentrate, and one � such that f (� ) is maximal ! mass

support
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Spectrum of two-dimensional

multinomial multifractal, show-

ing mass concentrate and

support
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Scaling of statistical moments

� Statistical correlators or q-moments: � q(l) = h� l
qi : Integer q

suf�ces for regular distribution but we need q 2 R.

� Scaling expressed in terms of moments:

� q(l)
h� l i q �

�
l
l0

� (q� 1)[Dq� D0]

;

where Dq is the Rényi dimension, non-increasing with q and

constant iff the distribution is monofractal.

� Mass support = full volume ) D0 = 3 and h� l i = 1 . Thus

� q(l) �
�

l0
l

� (q� 1)[3� Dq]

:
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MareNostrum simulation

� Spatially �at concordance model with parameters 
 � = 0:7,


 �m = 0:3, 
 bar = 0:045, and Hubble parameter h = 0:7, in a

comoving cube of 500h� 1 Mpc edges.

� Dark matter and gas (baryons) are each resolved by

10243 ' 1:07� 109 particles ) 8:24� 109 h� 1 M� per DM

particle and 1:45� 109 h� 1 M� per gas particle.

� Gadget-2 code with polytropic (adiabatic) evolution of the gas (and

arti�cial viscosity for shock waves).

� We analyze the redshift z = 0 snapshot using counts in cells.
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Rényi dimensions Dq

Dq constant in a range of the cell size l , and decreasing with q.
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Rényi dimensions D2 (solid), D3 (dashed) and D4 (dotted) versus cell

size l : scaling from l = 2 � 12 to l = 2 � 8 (cube edge = 1).
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Mul�fractal spectra f (� )

f (� ) convex and constant with l . Mass concentrate and support

dimensions?
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Multifractal spectra at l = 2 �f 10;9;8;7g. Mass concentrate with

dimension � ' 2:4 and support with f (� ) = 3 .
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Scaling of mass

Best scaling: scaling of mass from strong singularities � & 1

! m = 512 at l = 2 � 10

- 16 - 14 - 12 - 10 - 8 - 6 - 4 - 2 0
log2HlL

5

10

15

20

25

30
log2HmL

dark matter

- 16 - 14 - 12 - 10 - 8 - 6 - 4 - 2 0
log2HlL

5

10

15

20

25

30
log2HmL

gas

Log-log plots of mass (number of particles) versus scale l . The fractal

scalings yield � = 1:34and � = 1:38, resp.
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Comparison of dark matter and gas distributions

Are both distributions in fact samples of the same continuous dist?

Comparisons of dark matter and gas in l = 2 � 10 cells ranked by mass:
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DM- gas correlation

Cross-correlation coef�cient

cgm = h� g � m i

(h� 2
g i h� 2

m i )
1=2
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Bayesian evidence

Bayesian evidence (in bits)

against equality of distributions

Very similar but not equal.
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SUMMARY and CONCLUSIONS

� Theory and simulations evidence: matter forms a multifractal

“cosmic web” (also galaxy surveys).

� MareNostrum universe is a multifractal cosmic web:

- Dimensions Dq constant from 120 h� 1 Kpc to 3 h� 1 Mpc.

- Mass concentrate has dim 2.4 and mass support dim 3 ) no

empty voids.

- Scaling of dark matter in strong singularities from 8 h� 1 Kpc to

30 h� 1 Mpc, and of gas only from 100 h� 1 Kpc.

� Scaling of dark matter and gas identical on the relevant scales.

Same singularities, as produced by gravity.
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